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Abstract
The end-point singularity is an unsolved problem in BBNS approach. Incorporating the partonic transverse momentum and
the Sudakov form factor, this problem can be solved model-independently. We discuss the Sudakov effects in BBNS approach.
The BBNS approach is compared with the modified PQCD approach. The main idea of Sudakov form factor is briefly discussed.
Our conclusion is that the twist-3 contribution for the hard spectator scattering is numerically not important in B→ ππ decays,
compared with the twist-2 contribution.
1. Introduction
The calculation of exclusive process from perturba-
tive QCD (PQCD) is one of the important problems
in hadron physics. Soon after the successes of PQCD
application in the deep-inelastic scattering, Drell–Yan
process, etc., the application of PQCD in some exclu-
sive process with large momentum transfer has been
carried out and is successful in the asymptotic limit
(Q2 →∞) [1,2]. The key for using PQCD is factor-
ization, i.e., the separation of long- and short-distance
dynamics. It has been shown in the PQCD frame-
work for exclusive processes with large momentum
transfer that the long-distance dynamics is involved in
the light-cone hadronic wave function, the distribution
amplitude, and the physical quantity is the convolution
✩ Supported in part by National Natural Science Foundation of
China.
E-mail addresses: duds@mail.ihep.ac.cn (D.-S. Du),
huangcs@itp.ac.cn (C.-S. Huang), weizt@itp.ac.cn (Z.-T. Wei),
yangmz@mail.ihep.ac.cn (M.-Z. Yang).
of the distribution amplitudes of the initial and final
hadrons and the hard scattering kernel [2].
Because of the importance in exploring CP vola-
tion and determining the CKM parameters, the exclu-
sive, nonleptonic two-body decays of B meson have
got extensive theoretical investigations. However, the
complication caused by soft interactions in both ini-
tial and final hadrons makes it difficult to analyze the
full QCD dynamics. Recently, Beneke et al. proposed
a QCD improved factorization formula in exclusive
B decays [3], which is called “BBNS approach” for
simplicity later in this Letter. The early BSW model
[4] is the lowest order approximation of this approach.
At the order of O(αs), the hadronic matrix element is
generally the convolution of the three light-cone distri-
bution amplitudes and the hard scattering kernel. For
the vertex correction and the penguin correction, it is
assumed that the B→M1 (M1 denotes the meson that
picks up the spectator quark) form factor is dominated
by soft interaction. Under this assumption, the factor-
ization formula is simplified as the multiplicity of the
B → M1 form factor and the convolution of meson
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wave function with hard scattering kernel. BBNS ap-
proach works well at leading twist level. While for
twist-3 case, it will lead to infrared divergence in the
one-loop vertex correction and end-point singularity in
hard spectator scattering.
The problem of the infrared divergence in the vertex
correction is partly solved in [5]. The authors used
the massive gluon to regulate the infrared divergence.
They find that the soft and collinear divergences
cancel in the vertex correction for the symmetrical
twist-3 distribution amplitude. However, the problem
of end-point singularity still remains unsolved. In [6],
the phenomenological treatment is introduced to deal
with the end-point contribution. But their treatment is
artificial and unsatisfactory. To solve this problem is
the main purpose of this Letter.
The appearance of end-point singularity means that
the separation of hard and soft dynamics is not jus-
tified, so the factorization of BBNS approach breaks
down at twist-3 level. The solution of the end-point
singularity is known for a long time [2]. The method
is to retain the partonic intrinsic transverse momentum
and include the mechanism of Sudakov suppression.
The average of the transverse momentum 〈k2T 〉1/2 ∼O(ΛQCD) in hadron is much smaller than MB . In
the region far from the end-point, the effect of trans-
verse momentum is power suppressed and negligible
at tree level. However, in the end-point region, the par-
tonic transverse momentum kT is the same order as
the longitudinal momentum xP , its effect is impor-
tant. Neglecting it will lead to singularity. In the hard
spectator scattering, the twist-3 contribution gives a
factor
∫
du
u2
φσ (u) which diverges when u→ 0. The
transverse momentum smears the end-point singular-
ity so that the end-point contribution is not domi-
nant. On the other hand, the parton with transverse
momentum will give rise to soft divergence which
cancels in the collinear limit. However, in the soft
region, the Sudakov suppression begins to take ef-
fect. For a quark–antiquark pair separated by a trans-
verse distance b, the Sudakov form factor e−S(Q,b)
suppresses the contribution at large b, so that the
dominant contribution comes from the region with
small separation. This idea has been grouped into
a self-consistent and model-independent PQCD for-
mula. This modified PQCD approach is given clearly
in [7]. Its application in B decays can be found in [8]
and the reference therein. As we will show, the modi-
fied PQCD approach enlarges the range of PQCD ap-
plication.
This Letter is devoted to study the Sudakov effects
in BBNS approach. Here, the Sudakov effects include
the transverse momentum effects and the Sudakov
form factor. We will restrict our discussion in B →
ππ decays, its extension to other B → PP decays is
straightforward. The relation of BBNS approach and
the modified PQCD approach is given in Section 2.
In Section 3, we briefly discuss the Sudakov double
logarithm and its resummation to all orders. Some
general properties of Sudakov form factor is also
discussed. In Section 4, we study the Sudakov effects
in BBNS approach. The end-point singularity in the
hard spectator scattering is solved in the modified
PQCD approach. In Section 5, we give our conclusions
and discussions.
2. BBNS approach and the modified PQCD
approach
The essential problem in B → ππ decay is to
calculate the hadronic matrix elements 〈ππ |Qi |B〉. In
[3], a factorization formula is given as:
〈π(p′)π(q)|Qi|B(p)〉
= FBπ0
(
q2
) 1∫
0
dv T I (v)Φπ (v)
(1)
+
1∫
0
dξ dudv T II (ξ, u, v)ΦB(ξ)Φπ (u)Φπ(v).
In BBNS approach, the B→ π transition form factor
FBπ0 is assumed to be dominated by soft interactions
and treated as a nonperturbative input parameter. In
this study, we hold this assumption and leave the
discussion about it in the last section.
There is only one scale mb in the hard kernel of
BBNS approach. We neglect the mass difference of
b quark and the B meson. The scale µ in αs is the
renormalization scale which is chosen as µ∼ O(mb)
to eliminate the large logarithms in the loop calcula-
tion. This scale is also the factorization scale which
separates the long- and short-distance dynamics. The
contribution from the momentum larger than mb is in-
52 D.-S. Du et al. / Physics Letters B 520 (2001) 50–58
volved in the hard scattering kernel while the contribu-
tion from the momentum lower thanmb is contained in
the light-cone distribution amplitude. As we will see,
in the modified PQCD approach, the scales become
rich.
Before the discussion of the modified PQCD ap-
proach, it is necessary to consider the most general
case of PQCD method in exclusive process. Accord-
ing to [2], a physical quantity M is given in terms of
the hadronic wave function and the hard scattering ker-
nel in general:
(2)
M =
∫
[dx][d2kT]∏
i
ψi(xi,Q, kT i)T (x,Q,kT ),
where Q  ΛQCD is the large scale involved in
a process. If the transverse momentum kT can be
negligible in T (x,Q,kT ), the above formula can be
simplified as
(3)M =
∫
[dx]
∏
i
φi(xi)T (x,Q).
In the above equation, we have used the relation
(4)φ(x,Q)=
∫
d2kT ψ(x,Q,kT ).
The BBNS approach is just the application of the
formula (3) in B decays under the assumption that the
form factor is soft dominated.
If the end-point singularity cannot be removed in
the convolution, the transverse momentum in hard
kernel cannot be neglected. As we discussed in Sec-
tion 1, a reliable treatment of the transverse momen-
tum effects must consider the mechanism of Sudakov
suppression. Once the effects of transverse momen-
tum and Sudakov form factor are taken into account,
a transverse b-space factorization formula [7] will be
obtained. In B decays, this modified PQCD factoriza-
tion formula is the convolution of both the longitudinal
momentum fraction and the transverse impact parame-
ter b:
M(B→ π1π2)
=
∫
[dξ ][d2b]PB(ξ,Q,b1,µ)Pπ1(u,Q,b2,µ)
(5)×Pπ2(v,Q,b3,µ)T (ξ,u, v,Q,b1, b2, b3),
where b is the conjugate variable of the transverse mo-
mentum kT and [dξ ] = dξ dudv, [d2b] = d2b1 d2b2
× d2b3.
In Eq. (5), the function P(x,Q,b) is:
P(x,Q,b)=
∫
d2kT e−ikT·bψ(x,Q,kT )
(6)= e−[s(x,Q,b)+s(x¯,Q,b)]φ
(
x,
1
b
)
.
It includes all leading logarithmic enhancement at
large b which has been included in Sudakov form
factor. For the light meson, Sudakov form factor
suppresses the large b contribution, so it selects
component of the light meson wave function with
small spatial extent. Thus, φ(x,1/b)≈ φ(x,Q).
The hard kernel T (ξ,Q,b) is the Fourier transfor-
mation of the hard scattering kernel defined in momen-
tum space
(7)T (ξ,Q,b)=
∫ [
d2kT
]
e−ikT·bT (ξ,Q,kT).
The evolution of the function P satisfies
(8)µ d
dµ
P(x,Q,b,µ)=−2γqP(x,Q,b,µ),
where γq is the quark anomalous dimension in axial
gauge.
Unlike the BBNS approach, there are many scales
in the modified PQCD approach, such as uvQ2,
1/b, etc. In the modified PQCD approach, the scale
parameter µ should take the largest value of them.
The renormalization group equation must be used to
eliminate the large logarithm between many scales.
From the above discussion, we may expect that the
BBNS approach and the modified PQCD approach
should be equivalent if the hard kernel T is fully hard
dominated. It is really so. For the case that the scat-
tering kernel T in Eq. (5) is concentrated near b ∼
1/Q, the Sudakov form factor is unity and the func-
tion P(x,Q,b) is replaced by distribution amplitude
φ(x,Q). The modified PQCD formula of Eq. (5) will
be reduceded into the BBNS factorization formula. If
the contributions of O(k2T ∼ ΛQCDMB) in the scat-
tering kernel T (x,Q,kT ) in Eq. (5) are important so
that the end-point singularity of T (x,Q,kT ) at kT = 0
cannot be removed in the convolution, the two ap-
proach will be different. In [7], an intuitive argument
hold that summed to all orders, the two approach are
equivalent at leading power in 1/Q2. However, at fi-
nite order, their difference is unavoidable. The proof
of BBNS approach needs the heavy quark limit. While
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the modified approach enlarges the range of PQCD
down to accessible energies with the help of Sudakov
suppression.
3. Sudakov double logarithm and resummation
Sudakov form factor comes from the summation of
the double logarithms to all orders. In QED, the vertex
correction in Feyman gauge gives rise to Sudakov dou-
ble logarithm ln2 Q
2
m2e
where Q is the large energy scale
and me the electron mass. The summation of the Su-
dakov double logarithms to all orders is the exponen-
tial of the one-loop result. However, the non-Abelian
theory QCD is more complicated than QED. First,
there is gluon self interaction in QCD which makes
the coupling constant large at low energy, so it is nec-
essary to consider the next-to-leading-log approxima-
tion. Second, the light quark mass is smaller than the
QCD scale ΛQCD, it cannot be taken as the infrared
regulator. The technic to perform the summation of
double logarithms to all orders in QCD is called re-
summation. In this case, it is Sudakov resummation
[9,10]. Although the resummation technic is fruitful
and has been known for more than ten years, its in-
tricacy makes it difficult to understand. To apply the
resummation into a new process is more difficult. So,
it is necessary to discuss the main idea of the Sudakov
form factor without involving the intricate technic.
The Sudakov double logarithm is produced through
the overlap of collinear and soft divergence. The
transverse momentum degree is used to regulate the
infrared divergence. The calculation is performed in
the transverse configuration b space instead of the
momentum kT space. The advantage of using the
transverse b space is analyzed in [11]. The momentum
conservation is automatically maintained in b space
and it is not necessary to make any further assumptions
about the transverse momentum kT in higher orders.
Moreover, in momentum kT space, it is difficult to
perform the next-to-leading-log approximation.
The collinear divergence in the massless limit de-
pends on the choice of gauge. In axial gauge, or say
physical gauge nA= 0, the gluon propagatorDµν sat-
isfies nµDµν = 0. So the non-factorizable collinear di-
vergence diminishes in axial gauge. This simplifies the
analysis of factorization and Sudakov form factor. We
will choose the axial gauge in this section for discus-
sion. However, the obtained Sudakov form factor is
gauge independent. A recent literature about this con-
clusion can be found in [12].
In axial gauge, the Sudakov double logarithm oc-
curs only in the two-particle reducible diagrams. Thus,
the Sudakov form factor is included in each wave func-
tion itself, i.e., it is universal, process-independent.
The double logarithms at O(αs) are given by [10]
I =− CF
4π3
∫
lT <Q
d2lT
l2T
g2s (lT )
(
eilT·b − 1)
Q∫
lT
dl+
l+
(9)≈−2CF
β1
ln
(
Q2
Λ2QCD
)
ln
[ ln(Q2/Λ2QCD)
ln(1/b2Λ2QCD)
]
.
In the above equation, we have chosen the light-cone
variable and β1 = (33− 2nf )/12. The factor of eilT·b
comes from the Fourier transformation from the trans-
verse momentum space to b-space. The occurrence
of double logarithm requires two condition: (1) two
scales, Q 1/bΛQCD; (2) the overlap of collinear
and soft regions. In Eq. (9), the lower limit of l+ must
be in the soft region. To sum the leading and next-to-
leading logarithms to all order, it needs to solve the
renormalization group equation below [9,10]:
Q
∂
∂Q
P(x,Q,b)
(10)
=
[
K(bµ)+ 1
2
G
(
xQ
µ
)
+ 1
2
G
(
x¯
Q
µ
)]
P(x,Q,b)
where the functions of K and G satisfies
(11)µ d
dµ
K =−γK, µ d
dµ
G= γK,
where γK is anomalous dimension. The functions K
and G only depend on one scale: K is independent
of large scale Q and G is independent of scale 1/b.
The scale µ in K and G takes different value: µ ∼
O(1/b) in K; µ ∼ O(Q) in G. The appearance of
different scales can be compared with the one scale
case in BBNS approach. Solve the above differential
equations, one will obtain a Sudakov form factor in
distribution function
(12)P(x,Q,b)= e−[s(x,Q,b)+s(x¯,Q,b)]φ
(
x,
1
b
)
,
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Fig. 1. b–ξ dependence of e−s .
The definition of P function is shown in Eq. (6).
The Sudakov form factor e−s falls off quickly in
large b, or soft region and vanishes as b > 1/ΛQCD.
Therefore, it suppresses the long-distance contribu-
tion, which is called Sudakov suppression. The behav-
ior of Sudakov form factor with the variable b is plot-
ted in Fig. 1. The physical reason is that an isolated
colored parton tends to radiate gluons. As b increases,
the color dipole associated with quark and antiquark
becomes more isolated, and they would have more ten-
dency to radiate gluons. In exclusive process, however,
the gluon radiation is forbidden by definition. So the
process with large b separation will be suppressed. Su-
dakov form factor manifests this phenomena in theory.
For small b, Sudakov form factor provides no suppres-
sion, this region is dominated by hard scattering. In
summary, the Sudakov effects make small b contribu-
tions dominant. By including the Sudakov effects the
effective scale of the subprocess is O(ΛQCDQ). As we
have discussed, the Sudakov form factor is universal.
This simplifies the application of this effects in exclu-
sive processes.
4. Sudakov effects in BBNS approach
In B → ππ decays, the two light pions carry the
energy of mB/2 and moves fast away from the decay
point. In [3], the authors argue that for realistic b quark
mass, Sudakov from factor is not sufficiently effective.
As discussed in the last section, the Sudakov form
factor is a perturbative result. It plays a role in presence
of the large scales Q  kT  ΛQCD. The fact that
the Heavy Quark Effective Theory works very well
and some successful prediction of PQCD in inclusive
B decays implies that mb scale is large enough to
ensure the perturbative analysis. Moreover, BBNS
approach underlies the assumption of the heavy quark
limit. In this limit, the effectiveness of the perturbative
Sudakov form factor is obvious.
For light pion meson, the Sudakov form factor is
known. Its explicit form can be found in [10,13]. For
simplicity, we do not present it here again. For the
heavy meson, such as B meson, the heavy quark car-
ries the most energy while the light quark carries the
momentum about ΛQCD. The wave function of B me-
son is soft dominated. For b quark, there is no collinear
divergence thus the Sudakov form factor is absent for
it. For the light quark in B meson, its longitudinal mo-
mentum mostly lies in the soft region. It seems that
there is no overlap of the collinear and soft regions.
In general, the soft dominance does not exclude the
possibility that the light quark may have the large lon-
gitudinal momentum although this possibility is very
small. For the case that the longitudinal momentum of
the light quark in B meson is small, i.e., ξ is small,
Sudakov form factor contributed by the light quark is
e−s(ξ,mB,b)  1 (see Fig. 1), here ξ is the momentum
fraction of the light quark. Because the large possi-
bility is that the light quark of B meson only carries
small momentum which is around the order of ΛQCD,
ξ is dominantly distributed in the small region around
ΛQCD/mB . The possibility of large ξ is seriously sup-
pressed by the B meson wave function. Thus the Su-
dakov form factor for B meson only gives small effect
(mostly it approximately equals to 1). In this Letter, we
give a Sudakov form factor for the light quark in B me-
son for general consideration as in [8]. The numerical
results in our study show that the difference between
the cases with and without Sudakov form factor for B
meson is less than 10−2 because of the soft dominance
of B meson wave function.
Now it’s time to discuss the Sudakov effects in
B → ππ decays. We restrict our discussion in the
process analyzed in [3]. The contributions to the
B → π transition form factor and the annihilation
diagram are not discussed here. We will give a detailed
study about them in the next research. As in [3], we
discuss the vertex correction, penguin correction and
the hard spectator scattering, see Fig. 2.
For the vertex corrections, the soft and collinear
divergences cancel for twist-2 [3] and symmetrical
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Fig. 2. Order αs corrections to the hard scattering kernels T Ii and T
II
i
. (a)–(d): vertex corrections, (e) and (f ): penguin correction, (g) and (h):
hard spectator scattering.
twist-3 distribution amplitudes [5] in the collinear
limit. If considering the transverse momentum effects,
these non-factorizable radiative corrections contribute
subleading logarithms in axial gauge. The leading
contribution is double logarithms which have been
summed to a Sudakov form factor. The subleading
logarithms come from the soft gluon where all the
four components of its momentum becomes soft. This
soft contributions cancel in the collinear limit required
by the factorization theorem. As pointed out before,
Sudakov form factor suppresses the large b region and
makes the dominate contribution come from the small
b region which is near the collinear limit. In [10],
the authors study this soft gluon contribution with
the transverse momentum effects in hadron–hadron
scattering. The non-factorizable soft contributions are
summed to all orders by using the renormalization
group equation. Their conclusion is that the soft
contribution is small and can be neglected. So the
Sudakov effects in the vertex corrections is expected
to be small, and this conclusion is also applicable for
the penguin corrections.
The hard spectator scattering is depicted in Figs. 2(g)
and (h). The partons in meson has the transverse mo-
mentum as well as the longitudinal momentum. Com-
pared to the collinear limit, the momentum of partons
in meson (with momentum P1) changes to
(13)k1 = uP1 + kT 1, k2 = u¯P1 − kT 1,
where u and u¯ denote the longitudinal momentum
fraction. Our form is slightly different from that in [6].
Our treatment corresponds to the case that the meson
is on-shell and the parton is slightly off-shell. The off-
shellness of the parton is proportional to k2T .
For the hard spectator scattering, the contribution
of the operator (S − P)⊗ (S + P) insertion vanishes
in the total hard scattering. The contribution of the
operator (V −A)⊗ (V +A) insertion is equal to that
of (V −A)⊗ (V −A). So it only needs to consider the
contribution of (V −A)⊗ (V −A) operator insertion.
The twist-3 distribution amplitude contributes power
correction. But at the realistic mb energy scale, the
power correction parameter rχ = 2m
2
π−
mb(mu+md) ∼ O(1)
is not small. So the twist-3 contribution should be con-
sidered in B decays. The twist-2 and twist-3 distribu-
tion amplitudes are defined by
〈π−(P )|d¯α(x)uβ(y)|0〉
= ifπ
4Nc
1∫
0
ei(uP ·x+u¯P ·y)
[
γ5/Pφπ (u)+µπγ5φP (u)
(14)−µπσµνγ5Pµ(x − y)ν φσ (u)6
]
βα
,
where µπ = m2π/(mu + md). φπ , φP and φσ are
the twist-2 and twist-3 distribution amplitudes, re-
spectively. In the asymptotic limit, φπ(u) = 6uu¯,
φP (u)= 1 and φσ (u)= 6uu¯.
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First we discuss the hard spectator scattering contri-
bution in BBNS approach. The formula is derived in
kT space and remains the transverse momentum at the
beginning. About the coordinate variable (x − y)ν in
Eq. (14), we make the transformation to project it into
the momentum space as adopted in [5]:
(15)(x − y)ν = i ∂
∂P ν
e−i(x−y)·P .
With this projection, the hard spectator scattering
contribution in Figs. 2(g) and (h) is formulated in
transverse momentum space:
Sg+h = −ifBf
2
π
4N2c
g2s CF
∫
[dξ ][d2kT]
×
[
um4BφB(ξ)φπ(u)φπ(v)
× [ξum2B + (kT − kT1)2]−1
× [−uvm2B + (kT − kT1 + kT2)2]−1
+ 2µπm5B
(
−uvφB(ξ)φσ (u)6 φπ(v)
)
× [ξum2B + (kT − kT1)2]−1
(16)
× [−uvm2B + (kT − kT1 + kT2)2]−2
]
.
We have assumed the momentum fraction ξ in B me-
son is small and the distribution amplitudes are sym-
metric. Neglecting the transverse momentum in both
the numerator and the denominator will give a simpli-
fied formula for the hard spectator scattering:
Sg+h = −ifBf
2
π
4N2c
g2s CF
×
∫
dξ dudv
[
φB(ξ)φπ(u)φπ(v)
ξuv
(17)
+ 2µπ
mB
φB(ξ)
φσ (u)
6 φπ(v)
ξu2v
]
.
This formula is consistent with the corresponding
one given in [5]. The scale µ in gs is chosen as mb. For
twist-2 distribution amplitude, there is no end-point
singularity. When u→ 0, the twist-3 contribution will
lead to end-point singularity. The physical reason is
that the virtual gluon approaches to the mass shell.
This is a soft logarithmic divergence. As discussed in
Section 1, the occurrence of end-point singularity is
the result of neglecting the transverse momentum in
the denominator.
In the modified PQCD approach, the partonic trans-
verse momentum is retained without assuming k2T 
ξum2b, uvm
2
b . The final formula contains the convolu-
tions of the longitudinal momentum fraction and the
transverse impact parameter b,
Sg+h = −ifBfπ4N2c
g2s CF
∫
dξ dudv
∫
b db b2 db2
×
{
um4BPB(ξ, b)Pπ(u, b)Pπ(v, b2)
×K0
(−i√uvmBb2)
×
[
θ(b2 − b)I0
(√
ξumBb
)
K0
(√
ξumBb2
)
+ θ(b− b2)I0
(√
ξumBb2
)
K0
(√
ξumBb
)]
− 2uvµπm5BPB(ξ, b)
Pσ (u, b)
6
Pπ(v, b2)
×K−1
(−i√uvmBb2)
×
[
θ(b2 − b)I0
(√
ξumBb
)
K0
(√
ξumBb2
)
(18)
+ θ(b− b2)I0
(√
ξumBb2
)
K0
(√
ξumBb
)]}
,
where Ki and Ii are modified Bessel functions and i
is its order.
This formula is more complicated than the result of
BBNS approach. One can check that the result in the
right-hand side of Eq. (18) is finite, and there is no
divergence in it. The modified QCD formula is self-
consistent and contains no arbitrary phenomenological
parameter except for the input distribution amplitudes.
In the numerical calculation, the distribution ampli-
tudes of pions for twist-2 and twist-3 are taken as their
asymptotic limit. The distribution amplitude for B me-
son is
φB(x, b)=NBx2(1− x)2 exp
(
−M
2
Bx
2
2ω2B
− 1
2
(ωBb)
2
)
where ωB = 0.3 GeV, NB is the normalization con-
stant. The QCD scale ΛQCD = 0.3 GeV, and the other
input parameters are taken as follows: fB = 0.19 GeV,
fπ = 0.13 GeV, FBπ0 (0) = 0.3, mB = 5.27 GeV,
µπ = 1.2 GeV.
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In our numerical result, the twist-3 contribution is
not important in hard spectator scattering. So, there is
only a little improvement in numerical value compared
with the former calculations in BBNS approach [3,5,
14]. We will not present the full calculation of B →
ππ decays because it is unnecessary. The comparison
of the prediction for the hard spectator scattering in
both BBNS approach and the modified QCD approach
is presented below.
Define f II as the value of the hard spectator
scattering contribution divided by the lowest order
result as in [3]. The numerical result (for (V−A) ⊗
(V−A) operator inversion):
Twist-2: In BBNS approach, f II2 = 0.048; in the
modified PQCD approach, f II2 = 0.057+ i0.0037.
Twist-3: In BBNS approach, f II3 cannot be calcu-
lated, it is expressed in terms of phenomenological pa-
rameters ρH and φH [3],
f II3 =
fBfπ
m2BF
Bπ
0
1∫
0
dξ
ξ
φB(ξ)
1∫
0
dx
x
φπ(x)
(19)× 2µπ
mb
(
1+ ρH eiφH
)
ln
mB
Λh
,
where ρH  1, Λh = 0.5 GeV; in the modified QCD
approach, f II3 = 0.0166− i0.0144; compare the two
results, we can get ρH = 0.89, which is within the
constraint of ρH  1, and the strong phase is very
large, it is φH =−173.3◦.
5. Conclusions and discussions
Through the exchange of the gluons, the partons in
hadron carries the transverse momentum kT. Its ef-
fects is important in the end-point region. Neglect-
ing it will lead to the end-point singularity in BBNS
approach. The problem of end-point singularity can
be reliably treated in the modified PQCD approach.
Retaining the partonic intrinsic transverse momen-
tum and with the help of Sudakov form factor, the
modified PQCD approach is a self-consistent, model-
independent framework. For the vertex corrections and
the penguin corrections, the end-point singularity in
the hard kernel is cancelled in the convolution and Su-
dakov suppression gives little effect. The separation of
long- and short-distance dynamics is good enough to
ensure the validity of factorization. BBNS approach
provides a successful, easy-to-do framework for these
diagrams. For the hard spectator scattering, if neglect-
ing the partonic intrinsic transverse momentum the
end-point singularity in the hard scattering kernel can-
not be cancelled in the twist-3 case, which implys that
the contributions from the end-point region are im-
portant and such amplitude cannot be analyzed at a
fixed order in PQCD. In this case one has to include
the transverse momenta of partons and Sudakov form
factor in order to proceed at a fixed order in PQCD.
Sudakov form factor can suppress the soft contribu-
tion and make the hard contribution dominant. In this
case, Sudakov correction is important. Our numeri-
cal results show that Sudakov correction is small at
leading twist level and important at twist-3 level. The
twist-3 contribution in the hard spectator scattering is
non-negligible, but not dominant.
In [3], it is argued that the transverse momentum ef-
fect is power suppressed so that it can be neglected.
This is valid only in the mb → ∞ limit. Actually,
in the loop corrections, the large logarithms such as
ln2 Q
2
k2T
, ln Q
2
k2T
etc will occur. In the tree level, the hard
kernel contains the terms such as 1/(uvm2B + k2T ),
1/(uvm2B+k2T )2. Dropping the transverse momentum,
or set it to zero, will lead to and end-point singular-
ity which will destroy the factorization theorem. This
is the reason to incorporate the Sudakov effects. In-
cluding the Sudakov effects, the naive power counting
in [3] will be modified. The contribution of the end-
point region is smeared by the transverse momentum
effects. So the assumption that the B → π transition
form factor is dominated by soft end-point interaction
may be questionable. It can be hard momentum trans-
fer dominant. Recently a complete PQCD method was
applied to the study of two-body B meson decays of
B → ππ , Kπ , and so on, including completely per-
turbative treatment of B→ π , B→K transition form
factors and annihilation diagrams [15]. Some interest-
ing results have been obtained. However, this approach
has been upgrading continuously. It seems that there
is still a bit of long way to go before getting final suc-
cess. A systematic analysis about the B → π transi-
tion form factor, the annihilation diagram and the ra-
diative corrections is still needed. Except these prob-
lems, another important subject is to understand the
factorization theorem in B decays. Up to now, some
58 D.-S. Du et al. / Physics Letters B 520 (2001) 50–58
works along this direction has been done [3,16]. More
detailed works on the proof of factorization theorem
in B decays to all orders is still highly needed. With-
out the proof of factorization theorem, any formulas
can only be regarded as a “model”. In one word, it is
desirable to carefully consider the factorization in B
decays.
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